For a distributive lattice J) ~ 2E and a submodular function f on J) with </1 E J) and f(</1) = 0, the pair (J), f) is called a submodular system and, when E EJ), the polyhedron given by
Introduction
Let E be a finite set, R the set of reals, and V a collection of subsets of E which is closed under set union and intersection, i.e., V is a distributive lattice with set union and intersection as the lattice operations, join and meet. Also let f: V -+ R be a submodular function on V, i.e. , (1.1)
for all x, Y E V. (Here, if (1.1) holds with equality for each x, Y E V, f is called a modular function.) Then the pair (V,f) is called a submodular system [6] , [8] , where we assume 0 E V and f(0) = O. Note that a submodular system is a generalization of the concept of polymatroid [4] . When E E V, the base polyhedron B(f) associated with (V,f) is given by (1. 2) B(f) = {x I x E RE , V X E V: x(x) ~f(X), x(E) =f(E)}.
Here, RE is the set of all real vectors whose coordinates are indexed by E and for a vector x = (x(e): e E E) E E R and a set X E V we define (1. 3) x(X) I x(e).
e E X Each vector in B(f) is called a base of (V,f).
In the present paper we shall examine and'characterize all the faces of the base polyhedron B(f). In Section 2 we give definitions and preliminary basic results on base polyhedra. Main results of the paper are given in Topkis [3] , (2) extreme rays of a cone determined by a distributive lattice by Tomizawa [18] , and (3) adjacency for polymatroid extreme points by Topkis [21] . Moreover, given a sublattice VI of V on which f is modular, 
Definitions and Preliminaries
In this section we give definitions and preliminary results on submodular functions and base polyhedra.
Distributive Lattices and Posets
For a finite set 5 we denote the cardinality of 5 by 151 and the set of all the subsets of 5 by 25. Let V be a distributive lattice formed by subsets of a finite set E with set union and intersection as the lattice operations. We assume 0, E E V throughout the present paper. For such a distributive lattiee V there uniquely exists a partially ordered set 
Vo is a modular function on VO.
(V,f) to 5 is the submodular Also the contraction (V,f)/5 of (V,f) by 5 is the submodular system defined by
Any submodular system obtained by repeated reductions and contractions of
is called a minor of (V,f).
Let IT (V) be the partition of E induced by V and T be an elemE~nt of IT(V). Also let a T be a new element not in E. Then, define a mapping
. { e (e E E -T),
naturally induces a distributive lattice V" c 2 and a submodular Then 1jJ function f": V" -+ R, respectively, corresponding to V and f. We call
the shrinking of (V,f) by T. When a partition p' of E is a refinement of IT (V) , we define the shrinking of (V,f) by P' as the submodular system obtained by repeated shrinkings of (V,f) by elements of P'.
If pr = IT (V) , the shrinking of (V,f) by pr is called the simplification
For a subset A of E define (2.8) We say a submodular system (V,f) is connected if for all nonempty complementary X, YE V (Le., X" 0" Y, X = E-Y and x, YE V) we have (2.9) 
If (V,f) is not connected, there uniquely exists a partition p* = {T l ,T 2 ,
is connected, and
is called a connected component of (V,f).
Preliminary Results
Let (V,f) be a submodular system. Based on the general theory of convex polyhedra, we have the following lemma (e.g. [17, p. 67] ). For the terminology concerning convex polyhedra we almost follow [17) , [14] and [1] . 
is expressed as
is pointed, if and only if V is simple. The simplification of (V,f) determines the structure of Q(f) and C(f) in Lemma 2.1,
where E* = {e.li E I} with e. ET. U E I), Le., E* is a set of 
Denote by H(P(V» (TI(V),A*(V»
(The term, characteristic cone, is used in [17] instead of recession cone.)
The following theorem determines the extreme rays of C(f).
Theorem 2.4 [18] . Suppose V is simple. Then the set of all the extreme rays of C(f) is given by (2.20) In the next section we shall give Cl characterization of all the faces of
A Characterization of Faces of the Base Polyhedron
We assume that V ~ 2E is a simple distributive lattice with 0, E V and that f: V -+ R is a submodular func:tion with f(0) = O. 
In other words, F in ( 
is a refinement of IT (VI) and
The lemma follows from the following:
(1) IT <VI) is the collection of equivalence classes with respect to the equivalence relation 'VI such that e 'VI e' if and only if there exists no X E VI with e E X i e' or e ' X? e', and
Proof: The dimension of the face F(V O
) is equal to that of the affine set (3.7)
Since the rank of the coefficient matrix in the right-hand side of (3.7) is equal to Irr(v o )I ' we have (3.6).
Q.E.D. 
Co be a maximal chain in Vo contained in 
for any X E V with Q)" X " E.
Proof 
x(E) fee).
Therefore, there exist rational a(x) > 0 (X E V -{E}) and rational aCE)
< 0 such that 
because of (3.21) with V replaced by F u {E}. Therefore, From Theorems 3.4 and 3.9 we have Corollary 3.10. Let n* be the nu.mber of connected components of
The dimension of B(f) was given in [16] , (10] , [3] (when V E = 2 ) and [19] . The connected components of (V ,1") is efficiently found by an algorithm in [3] . 
The minimality of the face follows from Theorem 3.2.
Q.E.D.
Theorem 3.12 also follows from the general theory for convex polyhedra
is the unique maximal face of B(f) which is contained in both F(V l ) and F(V 2 ) and there exists
be the unique minimal sublattice of V (minimal relative to set inclusion) which contains both VI and V 2 . Then VI vV 2 ~ V 3 . Note that V3 is the unique minimal sublattice of V in D which contains both VIand V 2.
The following theorem gives a necessary and sufficient condition for a sublattice Vo of V to be a member of D. (ii) For any maximal chain (3.38)
(iii) Let Co be any maximal chain in Vo as in (3.38) and b be any
•. ,k).
Then for any X E V such that X is compatible with IT(V O ) and b(X)
f(X), we have X E Vo. 
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Faces of the Base Polyhedron
We show b* E FO (V 0) , which will complete the proof of the "if" part.
Suppose that there were Xo E V such that 
It follows from (3.42) and (3.44) with ". 
Furthermore, because of (i) and (3.44) 
we have from (3.39) and (3.49)
Since Xo is compatible with IT (V O ) , WE, have from (3.48) and (3.50)
From Theorems 3.4 and 3.13 we have the following Corollary 3.14.
IEI -1 and let is a facet of B(f)
in V of length 2
We also have
Vo be a sublattice of V with 0, E E VO. if and only if Vo forms a chain 0 = So A polynomial algorithm is given by a direct adaptation of the algorithm in [3] for determining whether a vector in RE is an extreme point of B(f). 
».
The incidence relation between extreme points and edges of B(f) can also be derived from Theorem 2.4 (cL [19] ). Consequently, the number of edges incident with a common extreme point is equal to the number of arcs of the It was shown in [7] (and implicit in [5] ) that any generalized polymatroid [5] is isomorphic with some base polyhedron of a submodular system which is obtained by increasing the cardinality of the ground set by one (also see [15] ). Furthermore, any polymatroid polytope is a generalized polymatroid [5) . Therefore, the above characterization of adjacency for extreme points of B(f) implies the result in [21) . It should also be noted that the number of adjacent extreme points of a given fixed extreme point of B(f) is at most the number of edges incident with the given extreme point.
Therefore, an upper bound of the number of adjacent extreme points of a given extreme point of a polymatroid polytope is given by (4.3) with IEI replaced by IE'I + 1, where E' is the ground set of the polymatroid.
